In this work, several classical ideas concerning the geometry of the inertia of a rigid body are revisited. This is done using a modern approach to screw theory. A screw, or more precisely a twist, is viewed as an element of the Lie algebra to the group of proper rigid-body displacements. Various moments of inertia, about lines, planes and points are considered as geometrical objects resulting from least-squares problems. This allows relations between the various inertias to be found quite simply. A brief review of classical line geometry is given; this includes an outline of the theory of the linear line complex and a brief introduction to quadratic line complexes. These are related to the geometry of the inertia of an arbitrary rigid body. Several classical problems concerning the mechanics of rigid bodies subject to impulsive wrenches are reviewed. We are able to correct a small error in Ball's seminal treatise. The notion of spatial percussion axes is introduced, and these are used to solve a problem concerning the diagonalisation of the mass matrix of a two-joint robot.
Introduction
In this work, we revisit some rather old problems in the dynamics of rigid bodies. Some of these problems are familiar, but most of them have been neglected in recent times. Using modern methods, it is possible to cast these problems into a common notation and solve them quite simply. This also allows us to find connections between the different results. We are also able to propose and solve some new problems.
Several of the problems addressed here appear in Ball's treatise, [2] . This work is well known in the mechanisms and robotics community, but seems to have fallen out of favour with mathematicians and physicists. Part of the aim of this work is to reintroduce Ball's ideas to a wider audience. Along the way, we are able to correct a small error in Ball's treatise.
The present work began as an attempt to understand the connection between the Painvin complex and the inertia tensor of a rigid body. This connection seems to have first appeared in [5] , but see also [21] . The connection was more recently noticed by the robotics and mechanisms community in [20] . As the work progressed, however, it became clear that other quadratic line complexes, notably the tetrahedral complex, play a fundamental role in the subject.
Ball does not seem to have used much line geometry in his work even though it is clear that he was aware of the contemporary work in this area. Again, the subject of line geometry is one that seems to have fallen from favour amongst mathematicians. In this case, however, this is probably because most of the problems in J. M. Selig (B) Faculty of Business, London South Bank University, London, SE1 0AA, UK E-mail: seligjm@lsbu.ac.uk D. Martins Departamento de Engenharia Mecânica Campus Trindade, Universidade Federal de Santa Catarina, Florianópolis, Santa Catarina 88040-900, Brasil E-mail: daniel@emc.ufsc.br the subject were considered solved, and the subject has been incorporated into the larger area of Algebraic Geometry.
This 'falling from favour' has also occurred in Dynamics where analytical tools have superseded synthetic approaches in academic preference.
Analytical versus synthetic approaches in dynamics
Analytical mechanics began with Lagrange's great treatise Mechanique Analytique published in 1788. Over the years, and in particular in the twentieth century, Lagrange's view of mechanics has become the foremost, and almost the only way to view the subject.
However, there is another way. Synthetic mechanics is older, tracing its roots back to Archimedes with its more geometrical flavour. Contrast this with the famous quotation from the preface of Lagrange's treatise: 'The reader will find no figures in this work. The methods which I set forth do not require either constructions or geometrical or mechanical reasonings: but only algebraic operations, subject to a regular and uniform rule of procedure'.
The analytical approach begins with a defined rigid body and aims at determining the nine inertial parameters. The nine inertial parameters are the following: three parameters to locate the centre of mass, while the remaining six parameters specify the inertia about the centre of mass. This approach has a unique solution and therefore is simpler than the alternative synthetic approach.
The synthetic approach normally starts with a set or subset of inertial parameters and aims at synthesising a rigid body satisfying these parameters. Unlike the analytic problem, the synthetic problem has, in general, multiple solutions. The synthetic problem also has close connections with mechanical design, and normally other conditions or constraints are added in order to find a suitable rigid body. Such constraints can be, for example, maximum allowable stresses, geometric alignments or workspace limitations.
As pointed out in [20] , the relative ease in solving the analytic problem has unbalanced the relationship between the different approaches and leads to few techniques for tackling the synthetic problem. To some extent, this unbalance has distorted the view of Dynamics in the literature. It is perhaps not surprising then that Dynamics is nowadays a highly analytic discipline without a strong synthetic branch in the same way that say Statics or Kinematics have. It is a much easier task in Statics, than it is in Dynamics, to start with a specification and calculate the required dimensions. Perhaps this is why devices such as dextrous robot hands and multi-legged running machines, which seem inherently dynamic in their nature, are still designed with a heavy reliance on the assumption of quasi-static behaviour.
This paper intends to shed some light on the lesser discussed topic of synthesis based on inertia.
Lines and screws
In this section, we discuss the concept of lines and screws and their role in the treatment of inertia.
Line geometry
Consider a pair of points in the projective space P 3 ,r = (r 1 : r 2 : r 3 : r 4 ) andq = (q 1 : q 2 : q 3 : q 4 ). The Plücker coordinates of the line joining these two points are given by, P i j = det r i q i r j q j = r i q j − r j q i , where we assume i < j. Notice that if a different pair of points on the line are taken, then the Plücker coordinates are unchanged except that they may be all multiplied by a non-zero constant. Hence, the six coordinates can be taken as homogeneous coordinates in five dimensional projective space, P 5 . The Plücker coordinates can be collected into a vector in the following order:
